Abstract. We study the energy-momentum tensor and the equation of state as well as the chiral condensate in (2+1)-flavor QCD at the physical point applying the method of Makino and Suzuki based on the gradient flow. We adopt a nonperturbatively O(a)-improved Wilson quark action and the renormalization group-improved Iwasaki gauge action. At Lattice 2016, we have presented our preliminary results of our study in (2+1)-flavor QCD at a heavy u, d quark mass point. We now extend the study to the physical point and perform finite-temperature simulations in the range T ≃ 155-544 MeV (N t = 4-14 including odd N t 's) at a ≃ 0.09 fm. We show our final results of the heavy QCD study and present some preliminary results obtained at the physical point so far.
Introduction
The Yang-Mills gradient flow [1] [2] [3] [4] [5] has introduced big advances in lattice QCD. Fields at finite flow time, t > 0, can be viewed as smeared fields averaged over a physical radius of √ 8t, and the operators constructed by flowed fields are shown to be free from UV divergences nor short-distance singularities. Because the flowed fields are defined nonperturbatively, we can treat the flowed operators as nonperturbatively renormalized ones whose finite expectation values can be calculated directly on the lattice. This opened us a series of possibilities to significantly simplify the determination of physical observables on the lattice [6] [7] [8] .
In Ref. [9] , a new method to calculate the energy-momentum tensor (EMT) on the lattice was proposed: To avoid dificulties due to explicit violation of the Poincare invariance on the lattice, EMT is defined in a continuum scheme by the Ward-Takahashi identities associated with the Poincare transformation. When we flow the system, the flowed EMT operator becomes calculable on the lattice, but some unwanted operators can contaminate at t > 0 -as a consequence, e.g., the flowed EMT does not satisfy the WT identities. However, such unwanted contributions can be removed by taking a t → 0 extrapolation. The extrapolation can be made smoother by using a small-t operator expansion, because the mixing coefficients can be calculated by perturbation theory in asymptotically free theories [9, 10] .
The equation of state (EOS) can be extracted from the diagonal components of the EMT. We note that this method does not require the information of beta functions, which is sometimes a big burden in conventional evaluation of EOS on the lattice using the derivative or (T -)integration methods.
The new method has been shown to be powerful in quenched QCD by the FlowQCD Collaboration [11] . We are extending the study to (2+1)-flavor QCD adopting the Iwasaki gauge action [12] and a non-perturbatively O(a)-improved Wilson quark action [13] . As the first step, we studied the case of heavy u and d quarks with approximately physical s quark. Some preliminary results were presented at the last lattice conference [14, 15] . After the conference, we have made a series of additional tests to confirm the procedure, and started a study of (2+1)-flavor QCD just at the physical point. In this paper, we show the finial results of the heavy QCD study [16, 17] , and some preliminary results obtained at the physical point. See [18] for another development of the study.
Energy-momentum tensor on the lattice
The gradient flow we adopt is the simplest one: The gauge flow is given in [3] and the quark flow is given in [5] . Besides wave function renormalization of the quark fields, this flow preserves the finiteness of the flowed operators [5] .
According to Refs. [9, 10] , the correctly normalized EMT is given by
with · · · 0 standing for the expectation value at
← − D µ and the quark normalization factor ϕ f (t) is given by [10] 
The coefficients c i (t) are calculated by perturbation theory in [10] .
As discussed in the introduction, we need to carry out the extrapolation t → 0 to remove contamination of unwanted operators. In (1), the continuum extrapolation a → 0 is assumed to have been done before. In numerical studies, however, it is often favorable to take the continuum extrapolation at a later stage of analyses. On finite lattices with a 0, we expect additional contamination of unwanted operators. Since we adopt the non-perturbatively O(a)-improved Wilson quarks, the lattice artifacts start with O(a 2 ) and we expect
(3) where T µν (x) is the physical EMT, S µν and S ′ µν are contaminations of dimension-six operators with the same quantum number, and A µν , B f µν , C µν , and D µν are those from dimension-four operators. To exchange the order of the limiting procedures a → 0 and t → 0, the singular terms like a 2 /t must be removed. This is possible if we have a window in t in which the linear terms dominate.
QCD with heavy ud quarks
As the first application of the method to full QCD, we study the case with heavy u and d quarks. The zero temperature configurations were generated on a 28 3 × 56 lattice at a = 0.0701(29) fm (1/a ≃ 2.79 GeV) with heavy u and d quarks, m π /m ρ ≃ 0.63, and almost physical s quark, m η ss /m φ ≃ 0.74 [19] . Adopting the fixed-scale approach [20, 21] , corresponding finite-temperature configurations were generated on 32 3 × N t lattices with N t = 16, 14, · · · 4 (T ≈ 174-697 MeV) for a study of EOS using the conventional T -integration method [22] . The pseudocritical temperature was estimated to be T pc ∼ 190 MeV [22] . Preliminary results of the study were presented at the previous lattice conference [14, 15] . We found that, though the EMT data show the a After the previous conference, we have carried out a series of additional analyses to check the validity of the linear extrapolation procedure. In particular, in addition to (i) the original linear fit, we have done fits adopting (ii) nonliner ansatz
inspired from higher order terms in t and a in (3), and (iii) linear+log ansatz
inspired from higher order terms in the coefficients c i . A fit including all the correction terms in (4) and (5) turned out to be unstable due to too many fitting parameters. Typical results of the nonlinear and liner+log fits for the entropy density and the trace anomaly using the same linear window are shown by blue and green dashed curves in Figs. 1 and 2 . We find that, in most cases, the three fits lead to a consistent result. We use the linear fit for the central value and take the differences among the fits as an estimate of the systematic error due to the extrapolation. Our final results of EOS, with the energy density and the pressure determined by ǫ = − T 00 and p = i T ii /3, are shown in Fig. 3 . Red circles are our result with the gradient flow method. Black triangles are previous results obtained by the T -integration method [22] . We find that the results of the gradient flow method are consistent with those of the T -integration method at low temperatures T < ∼ 280 MeV (N t > ∼ 10). The deviations at T > ∼ 350 MeV (N t < ∼ 8) may be due to a lattice artifact of
t at small N t The method can be extended to other quark bilinear observables [23] . Our results for the chiral condensate and its disconnected susceptibility are shown in Fig. 4 . We see a clear signal of chiral crossover at T ∼ 190 MeV, which is consistent with T pc suggested by Polyakov loop etc. [22] . We note that dependence on the valence quark mass is small in the condensate. On the other hand, the disconnected chiral susceptibility seems to show a higher peak as the quark mass is decreased. See [17] for our results on the topological charge and its susceptibility. From these studies, we find that the gradient flow method is quite powerful in extracting physical properties even with Wilson-type quarks which violate the chiral symmetry explicitly and thus had not been easy to calculate chiral and topological quantities with usual methods.
QCD at the physical point
As one of the next steps, we are extending the study to N f = 2 + 1 QCD just at the physical point using zero-temperature configurations generated by the PACS-CS Collaboration with Iwasaki gauge action and non-perturbatively improved Wilson quark action at β = 1.90 on a 32 3 × 64 lattice [24] . The quark masses are fine-tuned to the physical point by a reweighting technique. The lattice spacing is estimated to be a = 0.08995(40) fm, and the spatial lattice size of N s = 32 corresponds to 3 fm. We are generating finite-temperature gauge configurations directly at the physical point on 32 3 × N t lattices with N t = 14, 13, · · · , 5, 4, which corresponds to the temperature range of T ≈ 160-550 MeV [25] . Here, odd vales of N t are also simulated to achieve a finer resolution in T . We note that the lattices are slightly coarser than the case of heavy QCD. Although T pc is not known yet with this lattice action at the physical point, we expect it to be smaller than the 190 MeV for the heavy QCD case. Latest status of the simulations is shown in the left panel of Fig. 5 .
In the middle and right panels of Fig. 5 , we show our preliminary results of the entropy density and the trace anomaly as functions of the flow time, computed using the configurations accumulated so far on the N t = 12 lattice. Results at other N t 's are similar. We note that the linear windows at N t ≥ 6 are often narrower than the case of heavy QCD shown in Fig. 1 . This may be caused by the coarser lattice spacing at the physical point and/or the lighter u, d quark mass.
In this trial study, we adopt the same strategy as in the heavy QCD: When we find a linear window containing five or more points within the statistical errors, we extrapolate the data to the t → 0 limit by the linear fit and take the differences with nonlinear and linear+log fits as an estimate of the systematic error due to the extrapolation.
Our preliminary results of EOS extrapolated to t = 0 are shown in Fig. 6 . From our experience in the heavy QCD, data at T > ∼ 247 MeV would be contaminated by the O (aT ) 2 = O 1/N 2 t lattice artifacts on N t ≤ 8 lattices. We find that the entropy density is well consistent with the results of staggered quarks at the physical point in the continuum limit [26, 27] , while the central values for the interaction measure are several times larger than those of the staggered quarks though our errors are still large.
Our preliminary results for the chiral condensates are given in Fig. 7 . We find that, while the behavior of the strange quark condensate is similar to the case of heavy QCD shown in the left panel of Fig. 4 and suggesting a crossover around 130-150 MeV, the light quark condensate shows a much sharper crossover/transition there. Our preliminary results for their disconnected chiral condensates suggest that the peak locates at T < ∼ 169 MeV. This is consistent with the results of the staggered quarks [26, 27] .
Summary
Applying the method of Refs. [9, 10, 23] based on the gradient flow, we study thermodynamic properties of QCD with (2+1)-floavors of dynamical quarks. As the first step, we studied QCD with heavy u,d quarks on a fine lattice with a ≃ 0.07 fm. Our EOS is consistent with that from the conventional T -integration method, suggesting that the lattice we have studied is sufficiently close to the continuum limit while the O (aT ) 2 = O 1/N 2 t lattice artifacts are severe at N t < ∼ 8. We find that the gradient flow method is quite powerful in extracting physical properties even with Wilson-type quarks which violate the chiral symmetry explicitly and thus had not been easy to calculate chiral and topological properties with usual methods.
We are now extending the study to the physical point, though the lattice is slightly coarser with a ≃ 0.09 fm. Our preliminary results for the flow time dependence are similar to the heavy QCD case, but the linear windows are often narrower than the heavy case. This requires a more careful study of systematic errors. Our preliminary results at this single lattice spacing suggest T pc < ∼ 169 MeV at the physical point. To draw a more definite conclusion, we need data at lower temperatures and also at smaller lattice spacings.
